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In  such  a  logic  the  fixed-point  Induotlon  axioms  are  no 
longer  valid,  in  general*  so  that  we  characterize  formulas 
for  which  Scott-type  Induction  Is  applicable,  In  terms  of 
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Admissibility  of  Fixed-Point  Induction  In  First-Order  Loglo 

Of  Typed  Theories 

by 

Shlgeru  Igarashl 


1  Introduction 


D,  Scott  Postulated  a  j  o  g I o  of  typed  functions  combined  with 
fixed-point  1  nduct I onC103 ,  R,  Milner  modified  this  logic  Into  a 
formal  system  called  LCF  so  as  to  handle  X-express I ona  conveniently, 
and  implemented  It  in  an  Interactive  proof  checker^},  Sine®  an 

early  period  of  th|s  Implementation  It  has  been  thought  that  some 

predicate  ca I cu | us- I  I ke  facility  may  be  needed  for  some  or  other 

reasons,  so  that  |n  the  machine  version  of  LCF  are  Included  a  kind  of 

universal  quantifier  and  Implication,  the  latter  being  one  level 
lower  than  the  implication  Included  In  the  original  logic,  These 
operators,  however,  can  be  used  In  quite  a  restricted  manner,  for 
they  are  only  abbreviations  of  legitimate  formulas  In  LCF,  Especially 
Implication  cannot  be  nested, 

The  writer  devised  a  formal  means  to  carry  out  derivations  of 
a  predicate  calculus  whose  objects  were  typed  X-express I ons  within 
LCF,  which  calculus  included  the  universal  quantifier  as  well  as 
usual  propositional  operators  but  not  the  existential  quantifier, 
which  could  not  be  replaced  by  negation  and  universal  quant l f 1  oat  1  on 
since  Gentzen's  i ntu 1 1 i on  I st I c  system  was  used  as  the  basts,  J, 
McCarthyC4J  proposed  to  use  the  full  classical  predloate  calculus  as 
a  super-structure  of  LCF,  quantifiers  ranging  over  LCF  objects,  He 
suggested  also  some  generalization  of  such  a  system,  The  formal 
system  discussed  In  the  present  paper  Is  In  the  essentials  along  the 
last  line.  The  main  purpose  of  the  present  paper  Is  to  allow 
Scott-type  fixed-point  induction  as  much  as  possible  In  the  intended 
logic, 


This  point  will  be  explained  more  conoretely,  Suppose  f  and  g 
are  continuous  partial  functions,  The  predicate  f«g,  where  the 
equality  means  the  "strong  equality",  l,e«,  If  one  side  Is  undefined 
so  Is  the  other,  Is  not  continuous.  But  as  In  Scott's  logic  we  oan 
use  fixed-point  Induction  In  order  to  prove  thl3  equality,  Then 
what  will  happen  to  the  following  formula  which  we  are  going  to  allow 
In  the  Intended  logic? 

Vx(f(x)  =  a-*g(x)=Mx)  ) » 


with  the  axiom 


f=M|n  XfXxJ(f,x>, 

f  ix.d-oolnt'af  '!hat]°n  !"  th8  cla,5s!ca,  sense,  Min  the  minimal 

;;  r  lcf  f;%,unctl°"  ;n!;h  11  is  Prefixed,  end  J<f,x)  . 

expression  j!f  i i  .“I"3  "V,  that  lf  ?M  tn"  '“"'‘Ions  Involved  In  the 
expression  J(f,x)  are  continuous#  whlcn  condition  Is  rather  mtue.i 

n  order  to  consider  Its  fixed-point,  and  the range 'of  f  |JPd|SSrSi5 

wi^hoSt°0|n-urr!np't!',n’  *?'?  "3  °an  apoly  '  1  Xea-P° ' "t  Induotlon 

witnout  incurring  inconsistency,  even 

functions.  In  fact  the 

case,  for  f|xed-Dolnt  Induction 

conditions  are  satisfied, 


^  ’  *  *  ,  i  iiuyu  w  i  or 

-  s  and  h  are  non-cont I nunus 

}ix«:i. r:  1*1  °  s3  an; h "°v*tta: «u. 

•s  not  sound  unless  the  above 


.  uh|W!  f?al1  9lve  a  syntact|c  characterization  of  the  formulas 

I^olraS  cal  !1‘whe?^irt0i"nUrl0n|,S  T"3’  30  th,t  maeh|n”  ««"  oftiok 

Ik-  lie  y  whather  °r  not  a  given  formula  admits  application  of 
the  Inference  rule  corresponding  to  fixed-point  Induction, 


First-Order  Loalc  of  Typed  Theories 


objects  are  typed,  and  we  do  not  consider  predicate  variables  The 
Intended  formal  system  »l||  be  abbvevl.ttd  as  L  i  .h., 

partially  follow  Sh0enfle|d's  styledlJ,  L~ '  W*  ha  11 


2,1  Language 


Types 


Al, 

"base 


We  presuppose  that  there  are  a  number 
types**,  Some  of  the  base  types  can  be 


of  types  cal  lad  the 
"ordered  types”,  Types 
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,re  denoted  oy  «.  P.  etc.  and  the  ordered  tyee.  »rJ 

Utter  -o",  Ilk,  «,  no  ,t"?  then tha  b... 

if  both  o  and  or0  hapoen  to  be  base  types. 

tVDis  are  called  the  ''function  types  , 

„  „  .  end  p  ere  tyoee.  sd  le  -P.  Both  -1-2*  ...  *«;*•  *"d 

ni  . . T.-P  are  used  es  the  .bbre.Utl on.  =»  n-<«2-<  ... 

A3#  If  ao  and  Oo  are  types,  which  must  be  ordered  types,  so  Is 

<ao*Po>o.  ,  , .  .  _  construction  we  can  consistently  abbreviate 

Becauso  of  th.s  «on®JrU-0!  '  °n  .  nStance,  {<i0  +  ([30  +  IPq«Qo)o)o)o  Is 

n g ii 3  except  the  outmost  one,  For  instance.  * 

abbreviated  by  ( auP-ePept3 ) p , 


A  I phaoet 


me  alphabet  of  the  Intended  form. I  sy.t.m  con.l.t. 
.-constants  and  “-var ' ? , i!*,  constants,  'or  each  n-tuple  («1. 

;r„rpd;n^"^;:-in°drW,orn5 

s  (  ,  )  -  v  1  M  |  n 


Of 

3  I  • 
I  *  • 


If  a  1eS  base 

IndWiauel  constant 

\  |p | e  can  b*  cn l [ *d  „ 

mated  that  functions  of  arbitrary 


m 

or 

be 


tyotf  in  i-Gonstent  or  vtflaoU  can  be  talUd 
'  V4tri|Mf,  athsrwlMi  «n  e-eenstsnt 

function  pcnetint  or  variable.  It  must 
,t fury  finite  order  acpear,  *n  Pli 

. . <•  *  . 

arflutnent  belnB  flf  XV9*  *1  f^r  '  “  1  1 

we  shall  use  several  defined  symbols  which 

ogle  as  follows. 


are  standard  In 


a  -  v  = 

The  symbol  •*  stands 
Thus  *  means  function 


for  implication,  and  =  for  logical  aoulvalanoe. 
In  the  text  and  implication  In  formulas, 


Terms 


jf  a  Is  &n  ««constant, 
a-varlable,  then  x  is  an  «-term, 

P2,  If  t  !  3  an  a-*P-term  and 
(3-term,  t(u)  can  be  also 
t( u.  V  )  e 


then  a  is  an  a»term, 

u  Is  an  «- te  r m,  then 
written  as  (t  u)»  and 


If  x  Is  an 

t ( u )  Is  a 
(t(u)Hv)  as 
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I*  t  is  an  (ao-*«o)o-term,  then  Min  t  Is  an  «o-term, 

B4«  If  t  Is  3n  ao-term  and  «o  Is  a  function  type,  then  t  Is  an 


Formulas 


Cl,  If  t  and  u  are  «-terms»  then  t=u  Is  a  formula, 

C2,  If  p  is  an  ( al »  ,,,  , «n ) -p r ed  |  cate  that  Is  different  rom  *, 
®nc*  11  ,s  an  “  I  -term  for  each  I  (l<l<n>  ,  then  p(tl»  ,,,  ,tn)  Is  a 
formula, 


C3.  If  A 

C4,  If  A 

C5  ,  I  V  A 

are  f  oriru  |as 


is  a  formula,  then  -A  |s  a  formula, 

and  9  are  formulas,  then  A  vR ,  ASB,  and  A-*B  are  formulas, 
is  a  formula  and  x  Is  an  “-variable,  then  VxA  and  3XA 


2,2  Interpretation 


wo  choose  a  non-empty  set  UC«p,  or  for  each  base  tybe  a 
as  the  domain  of  Individuals  of  type  «,  if  a  |s  an  ordered  base 
type,  we  assume  further  that  D®  Is  an  ordered  set  (L»  <)  satlsfylno 
the  fo|  lowing  conditions, 

(i)  <L.  S)  has  the  least  element,  l.e.  inf  L,  which  shall  be  denoted 
by  C , 

(ID  (1*  S>  Is  an  --Inductively  ordered  set  in  that  L  Is  non-empty 
and  every  non-emPty  countable  set  X  such  that  X«L  and  x  Is  linearly 
ordered  has  sup  X  In  L, 

That  L  is  non-emoty  Is  a  part  of  the  standard  definition  of  the 
Inductively  ordered  set,  which  Is  automatically  satisfied  In  this 
case,  The  symbol  reads  "omega**  through  out  this  pacer,  In  some 
case,  It  can  be  read  "a|eph  naught", 

Suppose  Oa  and  DP  have  been  defined,  we  let  D[«-d]  be  the 
set  of  all  the  functions  of  o«  I  to  Dp,  If  «  and  p  are  ordered  type, 
we  <et  uC(a-P)o3  oa  the  set  of  all  the  --continuous  functions 
belonging  to  DC«-(3J  together  with  the  order  relation  <  defined  by 

f<g  Iff  f(x)<g(x)  for  any  xtD«, 

where  the  --continuity  is  defined  as  follows. 
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I 


Definition,  A  "sequence”  X  In  a  set  L  Is  a  fynotlon  of  the  set  of 
I  the  positive  Integers  Into  L*  Xn  denoting  the  n-th  term  X(n),  X 

is  written  as  (Xn)  sometimes,  A  "monotone  Increasing”  sequenoe  x 

In  (L»  5)  Is  a  sequence  In  (L,  <)  such  that 

XI  <  X2  <  , . ,  <  xn  S  , , , 
f  Is  "--oent I nuous"  Iff 

f(  sup  X)  s  sup  f  (  X  )  , 

for  any  monotone  increasing  sequence  X  in  (L,  <),  where  f  <  X )  denotes 
the  set  ( f ( x  )  I  x^X) , 

Remark,  f  Is  --continuous  In  th|s  sense  Iff  f(sup  X)  ■  SUP  MX) 

for  any  countable  directed  set  XcLi  (See  section  3.)  This  property 
will  be  called  the  --continuity!  while  a  stronger  definition  of 
continuity  is  that  ffsup  X)  =  sup  MX)  for  any  directed  set  X“L»  f  Is 
salo  to  be  "monotone"  Iff  f(x)<f(y>  whenever  xSy,  The  --continuity 
,  implies  the  monoton i c I ty,  which  can  be  shown  as  fol|owsC10], 

Suppose  x<y,  Let  xl  be  x  and  Xn  be  y  for  any  nfc2,  so  that  X  Is  a 

monotone  Increasing  sequence,  By  --continuity,  Msup  X)  •  sup  MX), 
But  sup  x  =  y,  and  f(x)  <  sup  f  C  X  > ,  Therefore  f(x)  <  My), 

by  this  construction  D“o  can  be  shown  to  satisfy  the 
concltlons  (I)  and  (l|),  so  that  the  |nduct|ve  definition  works,  In 
fact,  the  function  g:  D«o-Dpo  such  that 

g ( x )  =  0  f0r  any  x€D«o 

Is  the  least  element  of  DC (“o-Po )  oJ ,  and,  for  each  asendlnfl  chain 
(fn)  In  DC  («o-»Po)op,  the  function  h.  Dao”DPo  that  maps  each  element  x 
of  D“o  onto  suptfn(x))  Is  sup(fn>, 

with  each  a-constant  a  In  FLT  Is  associated  an  element  a*  of 
Da,  kith  each  <al,  ,,,  , «n ) -p red  I  cate  p  In  FLT  Is  associated  an 
n-ary  relation  p*  Ip  Dal*  *Dan,  Such  a  collection  of  Da's  will  be 
oenoted  by  D,  and  FlT(D)  will  denote  the  language  obtained  from  FLT 
by  adding  a  new  a-constant,  called  a  "name”,  for  each  element  of  D®, 
for  each  “ , 

A  term  Is  "closed"  if  no  variables  occur  free  In  It, 
Especially,  a  var i ap ! a- f r ee  term  Is  closed  In  this  sense,  We  use 

this  terminology  becaouse  we  shell  extend  the  syntax  of  terms  lat*r 
in  order  to  axlomatlze  LCF,  |n  which  Xxx  Is  a  closed  term,  though  It 
Is  not  variable-free,  We  define  an  “-individual  <rt  for  each  dosed 
e-term  t  by  Induction  on  terms. 

Cl,  If  t  Is  an  Individual  symbol,  then  t  must  be  an  “-constant 

since  t  Is  closed,  we  let  *  t  be  a  *  €  D  “ , 
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D2.  It  t  Is  u(v),  then  u  must  be  a  closed  «-»p-term  and  v  a  closed 

<*-term,  so  that  •ru^DC«-*.'3  3  and  tvtO®,  Me  iet  .r(u(v)>  be  »g(#v  ), 

Q3«  *  Is  Mln  u,  then  u  must  be  a  closed  (®o-«o)o-tepm*  so  that 

<ru  is  an  --continuous  function  of  tyoe  «o*®o,  Let  f  denote  tu,  We 
J®*  il!  Je  jnf(x|f(x)«x)  (with  respect  to  the  ordering  of  «o>»  n*mt|y 

the  least  fixed  0olnt  0f  f,  which  is  8h0wn  to  exist  aa  f 0 I  1 0 wsClBJ, 

Let  f  ,  n ,  x  denote 


f(f(  ...  f(x),,,))  (f  occurs  n  tines)* 

for  each  n>0,  Especially,  f,0,x  Is  x,  Then  sup(f,n,0)»  or 
sud ( f , n , o I 0<n<-)  strictly,  is  in  fact  I nf( x | f ( x ) Bx) ,  gy  --continuity, 

f (suD(f . n,0) )  =  sup ( f ( f , n , 0) > 

=  sup(f , (n  +  l)  ,0) 
s  sup<f ,n,0|lSn<») 

S  sup ( f , n, o) , 

By  nronoton  1  c  I  ty  Cse9  the  above  remark), 


Thus 


suP(f.n.O)  <  f (sup(f ,n.0J), 
f  (  suo(f ,  n,0> )  =  sup(f,n,0),, 


Namely  sup(f,n,o)  is  a  fixed  point  of  f.  Let  a  be  an  element  of  D«o 
such  that  f(a)=a,  $lnce  0<a,  f(0)<f<a>=a,  by  nonotonlclty,  Then*  by 
mathematical  Induction,  f,n,0<a  for  any  n,  so  that  sup ( f , n . 0 ) 5a •  Thus 
sup(f ,n,0)  =  inf  (x|  f  (x)  =  x) .  '  ' 


D4»  1 ■  t  is  a  closed  «o-term  and  «o  Is  not  a  base  type,  then  »te 

D“o  and  Daocoa,  so  that  *teda, 


A  truth  value  is  either  T  or  F.  T  means  ’’true1'  and  F 

M f  s  I  se". 

a  formula  is  "closed"  If  no  variables  occur  free  In  It,  We 

define  a  truth  value  n a  for  each  closed  formula  A  In  FLT(D)  by 
Induction  on  formulas,  A[  J,  or  tC  3,  denotes  a  formula,  or  a  term, 
with  voids,  and  A[x],  or  tCx],  results  of  replacing  them  by  x. 


El,  If  A  is  t=u«  then  t  and 

certain  a,  since  *  is  closed,  we  let 


u  must  be  closed  e-terms  for  a 


*  A  =  T  iff  »ts»u, 


E2 ,  |f  A  is  p(tl, 


»tn)  where  p  is  different  from  s,  we  let 


*A  =  t  Iff  p«(tl,  . ,  ,  , tn) , 
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E3,  If  A  Is  -B,  then  we  let 

*A=T  Iff 

If  A  Is  BvC,  then  we  |et 

»A  =  r  Iff  »B  =  T  Or  irCsT, 

E^*  If  A  ,s  3xB[x3  and  x  |s  an  "-variable,  then  BCa]  Is  closed 
for  each  o-name  a,  We  let 


■[  ITT  *  <  d i a  J  ) 


A  "D- Instance"  of 
formula  of  the  form  ACal,  ,,, 

If  x  |  is  an  °>l-var|able  (lSl<n),  a 
If  *A'st  for  every  D-|nstance  A*  of 
forrrula  A  of  FLT  Is  valid  Iff  *A  =  T, 


formula  ACxl,  , , , 
*  an  J  In  FLT(D)  * 


#xn]  of  FLT  Is  a  closed 
where  al  Is  an  «l-name 
formula  A  of  FLT  Is  "val Id"  In  0 
A.  In  particular,  a  olooed 


2,3  Truth  functions  associated  with  formulas 


To  study  the  properties  of  formulas  we  shall  consider  truth 
functions,  namely  functions  whose  values  are  the  truth  values  T  and 
F.  associated  w|th  formulas  In  the  natural  manner  F?J  !k. 

s":*™:.";;...0'  «•  "» «.  “uts: 

Let  x  be  an  "-variable,  and  A[x}  a  formula  |n  whloh  at  most  x 
occurs  free,  since  ACaJ  Is  a  closed  fromula  for  each  "-name  a,  we 
can  define  a  function  f.  D«* < T, F >  that  sbnds  each  a.  onto  the  truth 

iS  “n-  C!f'  'f  ll  ca,!*d  "the  truth  Unction  determined  by  A  and  x 
In  ,  or,  if  there  .s  no  ambiguity,  "the  truth  function  determined 


Let  ACxl,  ,,,  , xn]  be  a  formula  In  which 

respectively  of  type  «1, 

of  A  r  y  1  .  .  y  «  1  I.  TIT 


xl*  ,,,  ,  xn, 

"(D,  x  U«  i  nstance"  of  ACxl, 
the  form  ACal.  , 
names  of  type  «1, 
that  are  (D 


•  •  f 


f  ACxl#  1 1 .  #  xnJ  I 
,a< I -1 ) , x I , a ( 1+1), 

N  M  W  U  .  .  a  _  i. 


u  1  ’-I'P®  “*•  ...  ,  ®n ,  Thus  at  mos 
are  ( □ , x  I )  —  I nstances  of  a  formul 
-Instance  determines  a  truth  funct 


(0, x  I) 


xnJ  In  FLT  Is  a 

,an^  where 


most 
I  a 


xl  occurs 
< IS  I <n ) . 


at 

,  «n, 
formula 
al, 


free 


most  variables 
occur  free,  a 
In  FLT(D)  of 
• , •  #  an  are 
In  formulas 


ACxl,  ,,,  ,xn]  also  " 
DC "13*  .,,  •DC“n3  *  (T,  F) 
onto  xACal ,  , , ,  ,an] , 


determines"  an  n-ary  truth  function  fj 
that  sends  eaoh  n-tup|e  (al*,  ,,,  ,an») 
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2,4  Logical  axioms  and  rules 


We  shall  accept  the  following  axioms  and  rules  for  FLT, 


Rule  of  substitution.  in  the  below  schemata  of  axioms  or  rules, 
arbitrary  variables  can  be  substituted  In  p|aoe  of  a,  x,  y,  z,  xl, 
yl,  zl,  ,,,  ,  Xn,  yn,  zn>  and  w,  arb|trapy  tarms  In  p|ac.  0#  t,  u. 
v,  and  g,  an  aPbitPa.y  n-ary  predlcat«  In  plant  f  *f  p  «aoh  n,  and 
an  arbitrary  formula  |n  place  of  A,  B,  and  8,  PsubJfet  to  the 
restrictions  that  the  results  of  substitutions  should  be *we I  I -formed 
formulas  and  that  any  free  occurrence  of  variables  «h!!|d  SJJt 

!he!'nm°n+ih8  ,"dUct|on  ax,om  are  Imposed  the  additional  restriction 
that  only  those  formulas  of  the  form  AC  ]  that  "admit  Induction 

sect  1  on  °  1f0rmu,as  that  Edm|t  Induction  syntact loa| |y  Is  given 


Logical  ax  I oms 


Propositional  axiom. 
Identity  axiom, 
equa I  I ty  ax  lorn, 


-AvA , 

X  3  X  , 

X  =  y  •»  Z  a  w  •»  X(  Z)sy(wi  , 
x=y  ■«  M  |  n  X  S  rtln  y. 


xl*yi  "  ...  -  xnsyn  -  p<xl,  ,,,  ,xn) 
stat I onar I  ness  axiom,  x(Mln  x)  s  Mjn  Xf 
induction  axiom,  A  CO  J*Vy  ( A  Cy  2-A  C  x  ( y )  ] ) -ACM  I  n  x3, 


p(yi, 


...  » 


yn) , 


Rules  of  Inference,  We  shall  accept  all  the 

system  of  Natural  Deduct  I onC13,  or  NJ, 

modification  of  the  quant  I f I er- 1 ntroduct ion  and 
(a  designates  a  variable  In  this  section,) 


rules  In  Gentian's 
with  the  fo| lowing 
•I Imlnatlon  rules. 


V- I ntroauct I  on  rule, 


v*e | I m I  net  Ion  rule, 


ACa  J 

......  <a> 

VxA  C  x] 


VxA[x3 


ACtD 
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3- i ntroauct I  on  rule 


3-e| Imlnatlon  rule, 


AC  t  J 
3xA  C  x  D 


2xACx3 


<  A  C  a  3  > 
C 


<a> 


th,  f.,[Nin(tlon  rule  and  the  3- 1 ntr odue 1 1  on  rule, 
or  I ntr  QOUCfl  bound  »erl«o|e,  r.ol.olng  K,  »u«t  oe  0 


Rastr I ct I  on  J 

the  ell.  meted  or  Introduoeu  uou-o  r.r  i  — 1>,  ■  |n  m, 

to,  eerre  t»oe  eo  the  aerr.*!)." Ilio.  luit,  tie  mtriduted  or 
i-lntrodustlen  rule  end  th  S-Jl ,  *ue{  ee  or  toe  eene  tyse  n 
,  |  I  rr  i  nited  sound  unrl«o|e,  r.eltolg  e,  uot  . 

tn.  oor  reeoond  I  no  <r.e  ..liable  I o I g.nv.i t >b i II ,  retleoms 

<a>  indlo.teo  th.  restriction.  In  th.  origins!  NJ.  th«« 

Free  variable  substituted  In  olao.  o« T* 0U r ?0 r ° ° '^ ns t the 

B.‘Ud.  »ro.  :.:m  zrzz  i? 

the  formula  designated  by  VXACXJ#  nor  m  »ny 
that  formula, 


As  appears  In  the  above  rule  we  U9e  <  ),  In 
th.  original  notation,  to  Indicate  the  ...umptlon 
nor  carried  beyond  the  bar,  Besides*  we  snal 
Z  to  denote  that  A  Is  sn  assumption 

. . An  -”•*  B1» 

Gentzen ' s  LK,  For 
tn  the  following  ways,  and 


use  A 
.>  1 1  o  n 

Bn  to  denote  a  "sequent", 
nstance,  the  v-e  |  I m I nat i on  rule 
we  sha|t  use  all  of  them 


stead  of  C  3  jn 
formula  whloh  is 
•  p  sometimes, 
formula  of  B»  and 
In  the  sense  of 
can  be  axpressad 
In  the  sequel  for 


the  convenience  of  description, 
v-e I  I m I nat I  on  rule. 


(A)  <B> 

AvB  C  C 

C 


Infer  C 
Infer  P 

Inference 


from  AvB  ,  A  — C.  end  B— C. 
---•  C  from  P  mm+  AVB,  A , P 


C,  and  B,P 


An  interence  rule 
sequent  from  other  sequents 
A  sequent  of  the  form  Al,  ,,, 
the  formula  A18,,.SAm  ■*  Blv,, 
Inference  rule  Is  "sound" 

0  (as  sequent)  whenever  a 

0. 


a 


0f  the  last  form, 

Is  called  a  "  r  e  |  a  1 
,  , Am  - - *  31 »  , i .  i Bn 
vgn  Is  valid  In 
iff  the  consequence  of 
I  of  Its  premises  are  valid  In  D,  for  any 


,  I v I -ed" 
Is 
D. 
the 


rule  to  Infer  a 
I nf er encs  rule, 
"valid  in  D"  iff 
A  relativized 
rule  Is  valid  in 
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} 


He  oan  treat  the  logical  axioms  In  the  form  of  Inferenoe 
rules,  we  list  them  In  the  generalized  forme  for  the  practical 
derivation,  These  rules  are  derived  rules  actually, 

propositional  rule,  Identity  rule, 


t=t 

stat I onar I  ness  rule, 


t ( M I n  t } sM | n  t 


-AVA 

equa I  I ty  rule, 

t=u  ACc] 

ACu3 


Induction  rule, 


ACOJ  ACa]-ACtU)3 
ACM |n  t 3 


<a> 


<a>  Indicates  the  same  restriction  as  described  above, 
variable  substituted  In  place  of  a  must  not  oocur  free  In 
nor  In  ACOJ#  nor  In  any  assumption  formula  of  ACMln  t3, 


Thus  the 
ACMln  t3. 


i 


Apparently  the  Induction 


axiom,  or  rule,  Is  not  acceptable 
unless  some  adequate  restriction,  like  the  one  Indicated  In  the  rule 
of  substitution,  |s  imposed  on  It,  First,  In  order  to  Instantiate 
this  axiom  by  a  name  b,  substituting  b  In  place  of  x,  * t  must  be 
--continuous  90  that  Soott-type  fixed  point  Induction  makes  sense, 
which  restriction  ls  satisfied  In  the  present  formalism,  for  Min  b  Is 
not  a  well-formed  term  otherwise,  Second,  even  If  Min  b  represents  an 
—continuous  function  of  an  appropriate  type,  there  exist  J*hy 
formulas  which  make  this  axiom  not  valid.  The  main  purpose  of  this 
caper  Is  to, character  I ze  those  formulas  for  whloh  the  Induction  axiom 
Is  vaMo,  so  that  they  admit  the  application  of  this  rule, 
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3 


Weakly  Continuous  Functions 


Of  truth  function.  isiceietoa  *",on  f'loeti  the  orooerttti 

non-ccntlnueue  iriffii'fi  to  ■»’•  for  owoh 

U*E  k  C^rtlnufty  Ci„  6,  d#f]ntd  J  funri?S^  Vl|Ttf,  Th# 

ofooirty  in  tnf>*ral+  r  rUrtOtJoni*  a*  the;  wa  d1ScuSs  th  U 

...  .ij"rr  #,n*,v  *rd.,« 

•«  *«  'or  any  subs.  °  ‘  !  V  *  '  tf,*»  ■»*  *  and  <uc  * 

or  l*  or  lor  L-,  ,nj  ath.  '„*£«*  ??;!'  ;•"«;■ th*  'tast  .i...n, 
respectively,  *  ll|fl”  •Urgent  of  L J  f  qf  auD  L*r 

fnereoUg  sequence  v  deMned^  I"  "  *  wa  can4is<ir  the  monotone 

hre  i  j -del  i  n#c  ay  conqje*eneiS  Then  n  "  au0,**Jl’  t  which  ir* 

,nf *  <r#  ”'rn^  I-™ 


3,1  Definition, 
"convergent"  Iff 


sequence 


a  complete  lattice  L' 


I i m  !  nf  x  -  I  I msur  X , 

In  such  a  case  we  def|ne  jin  x  Dy 

1  In  X  =  | ininf  X 
=  I Imsup  X, 

on  ascending  ch.£  on I  stsYnunbe Chaln"  '*  ls 

X1  <  X2  <  •••  <  *M  *  X ( M+l )  =  *  xcit+n) 

In  the  latter  case  x  Is  said  to  be  "sen I -f I n I  to”, 

.YueicTSj,  ^'ccnS.'rSe'rfcV^ny-sinUr^;; 

I im  f(X)  s  f (SUP  x). 

Proof ,  Apparent  I y 


•  I  t 


the 
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X, 


I im  f(X'  =  f (XM>  and  XM  =  sup 
where  M  satisfies  the  condition  of  definition  3,2, 

3,3  Proposition,  Let  f  be  a  . 

L  1  r  oe  a  function  s,t,  f;  L-*L' .  f  1. 
—  continuous  Iff  '  ' s 

f^sup  X>  s  sup  f(X), 

for  any  countable  directed  set  X  s.t.  Xcl, 

Let°x  'be  a^Junm ^The'0"8  ^  n#C9SS,ty* 

auas  I  “ascend  I  ng  chain  y  s,t.  Y=x  and  f  l^ofln.l  |„"\  ‘ 

SUP  Y  =  sup  X, 

Suppose  f  is  --continuous,  Then,  by 

f (sup  Y)  =  sup  f (Y) , 

sup  f ( Y )  $  sup  f ( x ) , 

Y  c  x. 


■cont I nu I ty, 


But 

since 

Thus 


f ( sUp  X)  s  f ( Sup  Y) 

=  sup  f ( Y ) 

£  sup  f (X) , 

Bv  ironoton  I  c  I  ty  <see  tbe  remark  In  section  2.2), 

f(*)  S  f ( sup  X)  for  any  x*X, 

x  £  sup  X, 

sup  f (X)  <  f (sup  X) , 
f (sup  X)  =  sup  f ( X ) , 


since 
so  that 
Therefore 


f  ( suo  X)  =  Mm  f  (X) , 

for  every  ascendind  chain  x  In  L.  (This  relationship  Imp,,,.  that  ,lm 
ftXI  exists,  for  the  left  hand  side  always  exists.) 

3,5  Proposition,  f  |s  weakly  continuous  iff 

f (sup  X)  i  | im  f (X) 
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for  any  quas I -ascend I ng  chain  X, 

Proof*  Apparent  from  proposition  3,2, 


3,6  Theorem,  f  Is  --continuous  |ff  f  Is  weakly  continuous  and 
monotone , 

Proof,  necessity:  Suppose  f  is  --continuous,  Then  f  Is  monotone, 

so  that  for  any  ascending  chain  X 


Therefore 


f (Xl)  <  f (X2)  <  . , , 


sup  f  <  X )  = 

3y  --continuity* 


30  that 
suff Iclencys 


f ( sup  X)  = 

f ( sup  x )  = 
Let  X  be  an 
f(suP  X)  = 


llm  f (X) , 

sup  f ( X ) , 

I Im  f (X) , 

quas I -ascend | ng 

sup  f(X). 


cha In, 


We  have  to  show 


9y  weak  continuity, 

f (sup  X)  a  | lm  f (X), 
and,  by  monotonicity, 


so  that 


I im  f (X)  *  sup  f (X), 
f ( SuP  X )  a  sup  f ( X  )  , 


3,7  Theorem,  f  Is  weakly  continuous  Iff  for  any  --continuous 
function  g:  L*L  the  following  relationship  holds, 

f  ( M  i  n  g)  =  llm  f(g,n.O>, 

where  kin  g  denotes  the  least  fixed  point  of  g,  l,e,  I nf (x I g ( x ) a*) , 
which  can  be  expressed  as  sup(g,n,0)  (see  section  2,2,) 


Wo  need  the  following  lemma  In  order  to  prove  this  theorem, 

3,8  Lemma,  Let  X  be  a  quas I -asend I ng  chain  In  L,  Then  there  exists 
an  --continuous  function  fs  L*L  s,t, 

f,n,0  a  Xn  for  any  n. 
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Proof  of  lemma,  The  following  construction  suffloes, 


f(x)  =  XI. 

X  (  n  +  1 ) , 

sup  X, 


x  =  (j ; 

xXZ  and  xsx  I  does  not  hold  for  any  I 
s.t,  i<n-l#  and  xSxn  holds  { nil ) I 
x<Xn  does  not  hold  for  any  n, 


(This  construction  was  given  by  R,  Milner.) 


Proof  of  theorem  3,7,  necessity)  Suppose  g  Is  --continuous,  then 

MJn  g  =  supfg.n.O) , 


(g,n,u)  is  a  quas I -ascend  I ng  chain,  so  that  by  weak  continuity 

f  <  M ; n  g)  s  llm  f  <  g, n • 0 ) , 

sufficiency)  Let  x  be  a  quas I -ascend I ng  chain  In  L,  Then  by  lemma 
3.3  there  exists  an  --continuous  function  g  s,t, 


Assume 

We  note  that 
and 

Therefore 


g.n.o  =  Xn, 

f ( M i n  g)  s  llm  f<g,n.o>* 

Min  g  =  sup  X 

llm  f(g,n,0)  s  |lm  f(X), 

f (sup  X)  =  llm  f (X) , 


3,9  Theorem,  f  Is  weakly  continuous  Iff 

I  I  in s u p  f  ( X )  *  f  (  sup  X )  ' 

for  every  ascending  chain  X  In  L, 

Proof,  The  necessity  Is  trivial,  so  that  we  prove  ;he  sufficiency, 
Let  X  be  an  ascending  chain  In  L,  We  orove  that 

I i m | nf  f (X )  =  l| msup  f ( X  > 

follows  the  latter  condition  of  the  theorem,  Let  a  and  b  denote 
llmlnf  f ( x )  and  llmSup  f(X).  respect  I ve 1 y,  We  prove  a*b.  We  can 
choose  a  subsequence  Y  of  X  s.t, 

l|m  f (Y)  =  a, 

since  a  Is  llmlnf  f(X),  Then,  by  definition, 

limgup  f  <  Y )  =  a, 
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We  rota  that  Y  Is  also  an  ascending  chain  In  Li  so  that 

I  im3up  f (Y)  s  f (sup  Y) 

by  the  supposition  of  the  theorem,  Since  Y  Is  cofinal  In  X, 

sup  Y  =  sup  X, 


so  that 


But 


ftsup  Y )  5  M s up  X), 


f(suo  X)  =  b 

again  by  the  supposition  of  the  theorem. 


Thus 


Name  I y » 


I  I msuo  f <Y)  =  b, 
a  =  b , 


4  Admissibility  of  F|xed-Po|nt  Induction 


We  shall  discuss  properties  of  Predicates!  For  the 
convenience  of  mathematical  description  we  introduce  the  ordering  of 
truth  values  such  as 


F  <  T. 

This  ordering  Is  outside  our  loglo,  and  It  must  be  noted  that  the 

concept  of  weak  continuity  of  predicates  as  well  as  that  of 
admissibility  of  Induotion  Introduced  below  can  be  stated  without 
referring  to  this  ordering  (see  4,6  below)«  though  It  maKes  some 
arguments  more  understandable, 

Since  we  considered  total  predicates  when  we  Interpreted 
formulasi  the  concept  of  monotonlclty  or  --continuity  has  little 
Importance  as  long  as  we  assume  T  and  F  are  not  comparable  with  each 
other,  For(  then,  the  only  monotone  or  continuous  predicates  are 
the  loentloally  true  predicate  and  the  Identically  false  one.  We 
shall  use,  howevert  the  concepts  of  monotonlclty  and  continuity  of 


predicates  with  respect  to  the  above  ordering  The** 

«.lnly  related  to  th.  existential  quantifier?'  ooncepts  are 

N^elJ'IS'^nllet,  ""SmiTo  lattlo., 

a  rg-aoaca  whose  oc.n  ,,,  f  °im  '  IIs  f,n  M  f*l»fded 

oomlnuou,  l.ttl,,?  «  u  l''(  >*■  ><  "K'«h  I*  •  a 

. . s,ns  "  '■ 

r  <  r. 


4,2  Definition,  *  "truth  function"  on  u  |,  .  function  s.t. 

L*TO , 

a)  A  truth  function  f  -admits  Induction  weakly-  Iff 

f  ( g « n ,  0 )  r  T  for  every  n  <n>2)  |mp||es  f(Mln  g>  .  T, 

Especially,  f  C  x )  admits  Induction  weakly  If  f(Q)  s  fr 

o)  A  truth  function  f  0n  L  "admits  Induction  strongly"  Iff 

I  ln»  f  (g.n.Oj  =  T  Imp  I  |es  f  (Min  g>  *  T, 

functIor°on^u?n'  *  °en°te  *"  ■S'”"ClinS  ch“'n  L.  end  f  a  truth 
a)  f  admits  Induction  weakly  iff 

f(Xn>  =  T  f0r  every  n  <0<n>  implies  f<sup  X)  a  T, 
for  any  x, 

eb,T?  ‘arltS  lnduc*'°"  etron,|y  if  ,  admits  Induction  weak  |  y  and  f,0) 
o>  The  following  conaitlons  .re  .nuiv.i.nt  to  s,eh  other. 
f  ®dmits  Induction  strongly, 

(i,>  Mm  fCX)  5  f(sup  x>  f0r  «ny  acsendlng  ohaln  x  for  which 

dill  llmsup  fix)  <  f(,uo  X)  fcl  anJ’ae’c^nJllg  chain  x. 

:ri;,P:;e>im"ar  *° the  o^oo,  •'  ».*  (.aM 


Then 


Mm  f  (X)  =  t. 


f(Xn)  =  t  for  almost  every  n,  (see  4,6) 


so  that  we  can  ch0ose  a  quas I -ascend  I ng  subchaln  Ym  of  X  s,t, 
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Y1  »  0  and  f(Ym)  =  T  for  every  m, 

By  weak  adm 1 ss I b  I  I  I ty# 
f ( SUP  Y)  =  T, 

By  cof I na  |  I  I  ty, 

f ( sup  x )  =  t  , 

c)  ke  prove  that  (I)  Implies  (Ml),  the  rest  being  left  to  the 
reader,  Suppose 

I i msup  f  t  X  >  S  f  ( sup  X  )  , 

If  llmsup  f (X)  =  F,  then  I  I m  f  t  X  >  =  F,  so  that 
I | m  f (X)  <  f (sup  X) . 

Suppose 

I  I msup  f ( X )  =  T  , 

Then  we  can  choose  an  ascending  subchain  Y  of  X  s,t, 


1 1 m  f  (Y>  =  r , 

By  c  e>  f  Inal  I  I  ty  of  Y  in  X, 
sup  Y  =  SUP  x, 

and,  by  strong  admissibility, 
f (sup  Y )  =  T . 

Thus 


llmsup  f ( X )  =  f ( sup  X ) 


4,5  Theorem,  Of  the  following  conditions 

Implied  by  the  lower  ones, 

the 

upper 

ones  are 

(  i  ) 

(  i  i  ) 
(ill) 

<  i  v ) 

f  admits  induction  weakly, 
f  admits  induction  strongly, 
f  Is  weakly  continuous, 
f  Is  --continuous, 

Proof , 
proved , 

ke  shall  see  that  (III)  implies  (li), 
Suppose  f  | s  weakly  continuous,  and  |lm 

the 
f  (X) 

rest  having  been 
exists,  Then 

1 im  f (X)  =  f (sup  X), 

by  weak 

continuity, 
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“nr:;9;*;;;  r°r • •»  . . 

" th8  ora,r,n9  •'  ^  v..u.n.:t?.?,™tr.u:,h 

1  I"1  f  (g.n.O)  =  j 


simply  as  stating 


Mg.n.O)  =  T 


'Or  a  I  most  av®py 
thes.  condmo^'oTbTr.  s  Ut,Tas  '  "  n  oT^’  See  5'‘"  #f  T0 


»)  *  truth  function  f  admits  Induction  usaKiy 

flQ.n.O)  =  r  for  suery  n  <n>3)  Inolle,  „  .  T 

b)  f  adnrits  Induction  strongly  |ff 


f  ( g ,  n ,  0 )  almost  every  n  Implies  f ( M i n  g,  =  T 
c)  f  Is  weakly  continuous  Iff 

f ( g , n , ° j  5  f ( M I n  g)  almost  every  n, 


Thus 


. :.rr- . — . --V::r 


w.r.t.  Xs  ^tl'^r^'and0"'".'?  T'l  LlTy"l  t|,0dUCt,on  •*ron,l» 

similarly,  15  weakly  continuous  in  *  (|n  Dj„ 


4,8  Theorem, 
valid  Iff 


The  Induction  axiom  ACOj- 

in  1  *  -  » _ _  y 


Pf  oof 


A  admit, Tn^Uon' 

the  sufflolflney  first. 


*)  I 


nl« 


prove 

7  im  ■  <  ■  e  itincy  r  r  r  *  t  mat  1 1  i 

any  collection  0t  nsf.  *'  *  c  0fl  !  l*t  0 

!fw  *«  JSrWa . 


Induction  uoihjy  tn  0%;„;„n 


at  jf  J 


o  f 


f 


i  p 


f"  !  f  ■  fl  f  0  I  f  J|t  | 


the  assunotion  that 
i  np i f  a  a  F i H  J  n  n  , 


it 


be 
■ 

In 

_  - 
eL  *  I  admlte 
aoes.  Thus 


tty  a  c  k  2  * 
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while  Min  f  Is  w ( M I n  a),  Assume  the  truth  values  of  BCO]  and 
Vy  (6Cy3*b[;a(y)  ]  5  are  both  T,  Then 

F ( 0 ) =T , 

and 

F(o)=T  Implies  F<f<b))=T  for  any  o, 

Therefore  we  have 

F(f,n,0)=T  every  n£0, 
so  that*  by  weak  admissibility  of  Mx). 

F ( M I n  f  )=T, 

Therefore  the  truth  value  of  BCMln  a]  Is  T,  Thus 

BC03wvy(BCy]-*faCa(y)])*BCMln  a]  Is  valid  In  D,  Henoe  the  Induotlon 
axiom  Is  va|ld  In  0, 

necessity:  We  use  the  same  notations  as  above,  By  definition  of 

va  I  laity  any  0-lnstanca  of  the  axiom  must  be  valid,  Therefore  If  the 
truth  values  of  B  CO  3  and  Vy(BCy]-*B[a(y  > 3>  are  both  j, 

F ( f , n , 0 ) a t  every  n*dt  the  truth  Value  of  B^MIn  a]  Is  T,.  Namely 
FtMln  f)sT, 

4  9  Definition,  aCx]  "admits  relativized  induction  w,r,t,  x"  Iff 
ACxJ  makes  the  Induction  rule  sound,  Namely*  the  rule  obtained  from 
the  schema  of  Induction  rule  by  substituting  A[x]  In  Plaoe  of  the 
meta-var  table  A  Is  sound, 


4,10  Theorem,  ACx]  admits  relativized  Induction  If  ACx]  admits 
Induction  weakly, 

Proof,  We  have  to  prove  the  soundness  of  the  following  rule, 


P  ACO] 


ACa],  P  — »  ACt(a)  ] 


<a> 


P  ACMln  t? 


.,,  ,  Cm,  The  rule 

ACMln  t3>  Is  valid 
for  any  u,  every  D-lnstanoe 
<t-*'fy<BCy3'*BCb<y)  □)  )-*<E-»BCM  |  n  b3 )  * 
arbitrary  var  I  ab  |  eif ree  term  of  the  same  type 
for  some  «u,  Obv|ous|y  we  have  only  to  prove 
name,  For.  If  b  Is  not  a  name,  there  Is  some 
e.t.  »b=»b',  and  the  validity  can  be  established  easily  using 
fact  and  the  case  that  b  Is  a  name,  L0t  F<x)  be  the  truth  function 
determined  by  BCx],  and  f  be  rb,  Then  the  following 
suf  f I c I ent , 


Let  c  denote  Cl  i  .,,  *  Cm  where  P  Is  Cl, 
sound  Iff  (C-ACO])-(C-Vy(ACy3-ACt(y>3) >-<C 
definition,  Therefore  we  shall  prove 
this  formula,  say  (EwBCOJ) 
va  I  Id,  where  b  I s  an 
t,  l.e,  (aowao)o 
case  tha t  b  Isa 


I  s 
by 
of 
I  s 

as 

for  the 
name  b' 
tb  I  s 

_  _  jtlon 

cond I t | on  Is 
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If  *E=T#  F(o)*T#  and,  »EsT  and  F(c>sT 
ceU«o,  than  F { H | n  f)=T, 


Imply  F ( f ( c ) ) «T  f op  any 


Min  t  Is  »<Mln  o)  by  definition, 
condition.  Then  oy  Induction, 


Assume  the  premise  of  the  above 


F(f,n,0)=T  every  n£0, 


By  the  assumption  that  ACx]  admits 
that  Ftx)  admits  Induction  weak|y, 

T(M|n  f )=T, 


Induction  weakjy,  so  does  BCx], 
Therefore 


90 


f  ACx-J  admits  I  Of  Induction  if  ACxJ  admits  relatives* 

Induction,  where  by  ,cf  induction  Is  meant  tRe  reT.t|vi£fJ ruTl  ?« 
LCF  to  infer  ACy3  from  ysMln  x,  aCO],  and  ACa] -!  ACx*a)3, *" 

°roof,  Me  see  that  |cf  induction  rule  is  a  derived  rule, 

y=Mln^x,  f  —  AC 0  3  AC«3,  y  =  Mln  x,  P  A[x(.)3 

— ----------  <a>  Induotlon 


y  =  fi|n  x,  p  ACMln  x3 

y=M|n  x,  p  ACy] 


eouel Ity 


4,12  Coro  I  lary, 
weak iy, 


ACx3  admits  I cf  Induction  if  A[xj  admits  Induction 
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5  Characterization  of  Predicates  that  admit  Fixed-Point 

1 nduct I  on 


We  study  what  kind  of  formulas  admit  Induction,  For  the 
readability  of  proofs  we  shall  discuss  them  in  terms  of  truth 
functions  that  have  one  argument  designated  by  x,  The  theorems  below 
oan  oe  so  a  p  p  I  led  to  every  lnstance  of  formula  that  the  results  will 
be  regarded  as  statements  about  formulas  in  general  by  definition 
(see  4,7,)  For  this  nurbose  logical  comblnators  below  should  be 
understood  as  functions  or  functionals  whose  values  are  T  or  F,  For 
Instance  VyF(x,y)  denotes  the  truth  function  determined  by  VyA[x,y] 
where  F(x,y)  Is  the  truth  function  determined  by  A[x,y;j  in  D,  The 
relation  s  Is  not  a  logical  symbol  of  FLT,  but  It  will  be  used  as  a 
preolcate  later  on  in  connection  with  LCF, 


5,1  Theorem,  The  relationship  f(x)  <  g(x)  admits  Induction  stronoly 
If  f  t  x )  and  g(x)  are  --continuous. 

Proof,  Let  F(x)  denote  the  corresponding  truth  function,  l,e#, 

F  (  x )  =  T  f(x)  <  g ( x ) ) 

F  otherwise. 

Let  X  be  an  ascending  chain  In  L#  Suppose 
I |m  F(X)  s  T, 

so  that 

f(Xn)  <  g(Xn)  for  almost  every  n. 

Then,  by  ^onoton I c I ty  of  9* 

f(Xn)  <  g(sgp  X)  for  almost  every  n, 

Therefore  we  can  choose  an  ascending  subchain  Y  of  X  s,t, 
f(Ym)  5  g(suD  X)  for  every  m, 

Thus 

SUP  f (Y)  <  g ( sup  x>  , 

But,  by  --continuity  of  f» 

f  (  sud  Y )  =  sud  f (  Y)  * 

so  that 

f ( sup  Y )  <  g (sup  X  )  , 

By  cof Ina | I  I ty  of  Y  In  X, 

suo  Y  =  suo  X, 
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Thus 

f(sup  X )  <  g  ( sup  X), 

t  •  e  <  * 

F  ( S'jD  X)  s  T. 


5  2  Remark,  f < x )  <  g(x),  f  and  g  being  continuous  Is  not  always 
weakly  continuous,'  (the  f.ct  that  It  Is  **ln» 

well-known,)  Let  N '  be  the  natural  numbers  with  the  Infinity 
(omega)  ordered  In  the  usual  sense,  Define  f»  gl  N'*n  by 


f(x)  s  x+1# 
a( x )  a  x, 

Let  X  be  s,t. 

Xn  a  n  each  n  s.t,  lSn<«, 

Then 

F (Xn)  =  F  each  n# 

but 

F ( sup  X )  =  T , 


5  3  Theorem,  Let  f  be  an  --continuous  function  Into  a  dlsorete 
lattloe  L‘»  c  an  element  of  L,  Then  the  relationship 

f <x)=c 

Is  weakly  continuous# 

Proof,  Let  X  be  an  ascending  chain  In  the  domain  of  f,  By  theorem 
5,1#  f(xn)=c  almost  every  n  Implies  f ( sup  X)Bc»  suPP°s® 

f(Xp)Xo  almost  every  n, 


We  have  to  prove 


f(suO  X)Xc 

Let  Yn  denote  f(Xn)  for  each  n,  By  monotonlclty  of  f» 
as Y1S  ...  Yn<Y<n+l)S  ...  Sb, 

where  b  denotes  sup  Y,  Y  must  have  at  least  an  accumulating  point, 
for,  otherwise,  we  could  choose  an  ascending  chain  2  that  Is  a  subset 
of  Y  s , t , 

a<*l<  ...  <Zn<2 < n+1 )<  ,,.  <b, 

which  contradicts  the  olscreteness  of  L*.  BY  monotonlclty  suoh  an 
accumulating  point  Is  unique  and  will  be  denoted  by  d,  Thus 
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Yn«d  almost  every  n, 

By  the  supoosltlon 
cXd , 

By  iroiioton  I  o  I  ty  again,  d  Is  the  maximum  a|amant  of  Y,  so  that 

dasup  f (X) , 

By  --continuity! 

f  ( sup  X )  *suo  MX) 

>d 

*C, 

Thus 

f(suP  X)Xc, 

5,4  Hairark ,  In  the  above  proof  we  used  "d I screteness"  to  mean  there 
Is  no  ascending  chain  s,t, 

a<Xl<X2<  <Xn<  .  <b, 

for  any  a  and  b, 


Than  either 
or 

so  that  either 
or 


{  Cf ,  4,3,0(111)  ) 


5,5  Theorem,  a)  F<x)vG<x)  admits  Induction  strongly  If  F<x)  and  G(x) 
b)*F(x)vG(x)  Is  weakly  continuous  If  F  ( x )  and  G(x)  are, 

Proof,  »)  Suppose 

I  I m$up  F < X ) vG(X)  s  T. 

I  Imgup  F ( X )  3  T 
I  imgup  G ( X )  *  T, 

F ( SuO  X )  =  T 
GOuP  X)  a  T 

by  strong  admissibility,  Thus 

F(sud  X)vG(sup  X)  3  T, 
b)  By  weak  continuity, 

F(sup  X)  3  F(Xn)  3  a 


and 


G ( sup  X)  a  G(Xn)  a  b 


for  almost  every  n 
for  almost  every  n, 
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for  some  a  and  0,  Therefore 

F(Xn>vG<Xn)  -  «vb  for  almost  every  n, 

At  the  same  time, 


F ( sud  X ) vG( sup  X)  =  avb , 


5,6  Remark,  a)  F(x)vG(x)  does  not  necessarily  admit  Induotlon  weakly 
even  If  F(x)  and  G(x)  do,  We  consider  N'  (see  remark  5,2)  again,  L*t 


and 


F  (  X  )  :  T 
F 


x  =  0; 
0<x$«j 


G  (  x  )  3  T 
F 


0<x<«| 
x  =  0  or  x  =  **, 


Then  F  and  G  admit  induction  weakly,  and 


F(n)vG(n)  =  T  for  every  n>0, 

But 

F  < -) vG< -)  s  F, 

b)  F(x)vg(x)  does  not  necessarily  admit  Induction  weak|y  even  (f  one 
of  F ( x )  and  G(x)  is  weakly  continuous  and  the  other  admits  Induotlon 
weakly,  For,  In  fact,  F<x)  In  the  above  example  Is  weakly  continuous. 


5,7  Theorem,  a)  F(x)£G(x,>  admits  Induction  weakly  if  F(x)  and  G(x) 
do , 

b)  F ( x ) &g ( x  )  admits  Induction  strongly  If  F(x)  and  G(x)  do, 

c)  F(x)«G(x)  Is  weak|y  continuous  If  F(x)  and  G(x)  are, 

Proof*  left  to  the  reader, 


5.8  Theorem,  -F ( x >  1$  weakly  continuous  If  F(x>  Is, 

Proof,  Let  a  denote  the  truth  value  F(sup  X),  By  weak  continuity* 
F(Xn)  =  a  for  almost  every  n, 

Let  b  denote  the  truth  value  -ta,  Then 

**F  (  Xn )  «  b  for  almost  every  n, 

Bes Ides, 

*»F (sup  X)  =  b, 

5.9  Remark,  a)  -F(x)  does  not  necessarily  admit  Induotlon  weakly  evin 
If  p(x)  admits  induction  strongly,  L®t  p  C  x )  be  the  truth  fynotlon 
determined  by  x<-  &  -<x,  which  is  equivalent  to  x*-,  In  N'»  Then 
F(x)  admits  Induction  strdngiy  because  of  theorems  5,1  and  5.7(b), 
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Let  xn  be  the  n- th  natural  number  for  each  n,  Then 

-F(Xn)  «  T  for  n*0, 

But 

-F(#up  X)  =  -F (-)  s  F, 

Thus  -F ( x )  does  not  admit  Induction  weakly, 

b)  By  the  above  argument*  the  negation  of  a  formula  of  LCF  does  not 
admit  Induction  weakly  In  general, 

5,10  Theorem,  If  F<x)  and  *»F(x>  both  admit  Induotlon  strongly  then 
F ( x )  Is  weakly  continuous* 

Proof,  he  prove  that  F(X>  Is  convergent  for  any  ascending  chain  X, 
The  caee  that 

1 |mSuD  F < X )  c  F 
Is  trivial,  Suppose 

I  Imsuo  F<X>  «  T, 

We  prove 

I  I m | nf  F  <  X  >  «  T 
by  contradiction,  Assume 

I  I m | nf  F  <  X )  «  F, 

so  that 

I  I msup  «F  < X )  ■  T , 

By  strong  admissibility, 


■*F ( sup  X)  *  T, 

I  ,  •  ,  * 

FlSyP  X)  ■  F, 


Thus  F(x)  does  not  admit 
contrad lotion, 


Induction  strongly*  which  Is  a 


5.11  Theorem,  a)  F(x)«G(x)  admits  Induction  strongly  If  F(x)  Is 
weakly  continuous  and  G(X)  admits  Induction  strongly, 

b)  F ( x ) *G ( x )  Is  weak|y  continuous  If  F(x)  and  G(x)  are, 

Proof,  F ( x ) *»G < x )  lg  a  tautology  of  -FtxJvGfx),  so  that  theorems  5,8 
and  5,5  euff  Ice, 

5.12  Remark,  F(x>-*c<x)  does  not  necessarily  admit  Induction  weakly 
even  If  F(x)  admits  Induction  strongly  and  G(x)  Is  —cont 1 nuous ,  Let 
G(x)  be  r,  l,e,,  the  Identically  false  truth  funotlon,  Then  F(x)*G(x) 
Is  a  tautology  of  „F(x),  Consider  the  example  of  remark  5,9, 
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Hereafter  y  Is  used  to  Indicate  the  argument  Instead  of  x, 


5,13  Theorem,  a)  VxF(x,y)  admits  Induotlon  weakly  w,r,t» 
does, 

b)  VxF(x,y>  admits  Induction  strongly  w.r,t.  y  If  F(x»y) 
Proof,  a)  Suppose 
VxF(x,0)  *  t 


and 

VxF(x,Yn)  =  T 

Then 

F(a,0)  s  t 

apP 

F (a, Yn)  =  T 
for  any  a,  Therefore, 
F (a, sup  Y )  3  T 


for  every  n, 

fop  every  n, 
by  weak  admlssib!  I  |ty, 
for  any  a. 


y  If  F(x,y) 
does, 


Thus 

VxF ( x , sup  Y)  s  T, 
b)  Suppose 

I  Imsup  VxF <  x#y  >  =  T, 

Then 

I  Imsup  'F (a, Yn)  «  T  each  a. 

By  strong  admissibility* 

F(a,sup  Y)  s  T  each  a, 

Thus 

VxF ( x , sup  Y)  s  T, 

5,14  Remark ,  a)  VxF(x,y)  Is  not  necessarily  weakly  continuous  even  If 
F(x,y)  Is.  Let  f  be  s.t, 

f(x,y)  s  T  x<-  and  x<y,  or  x*-j 

F  otherwise. 

Then  F  is  weakly  continuous  In  y*  for 

llm  F(a,Yn)  =  F(a*-)  s  t  each  a<*», 

and 

F(-,Yn)  s  F ( - , - )  a  T  for  every  n, 
for  any  ascending  chain  Yn  In  N',  Moreover, 


VxF(x,Yn)  *  F  for  every  n, 

so  that 

i  I m  VxF ( x, Y )  c  F, 
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But 


VxF(x, sup  Y)  t  VxF<x,«)  s  T, 

b)  VxF  ( x»  y  >  Is  not  necessarily  weakly  continuous  even  If  FU,y>  Is 
-  —continuous  In  y,  for  F<x,y>  defined  above  Is  —continuous  In  y, 
because  It  is  not  only  weakly  continuous  but  also  monotone  (of. 
theorem  3,6,) 


5,15  Theorem,  a)  3xF<x*y)  admits  Induction  stronply  If  F(x»y)  Is 

monotone  in  y,  _ 

b)  3xF(x,y)  Is  monotone  and  weakly  continuous  <and  there  ore 

••-continuous.  See  theorem  3,6)  If  F  <  x  #  y)  Is* 

Proof,  a)  Suppose 

I |n  3xF(x, Y)  s  T, 

so  that  for  some  a  and  M 


F { a , YH )  s  T. 

By  rronoton  1  c  i  ty  * 

F ( a, sup  Y )  s  T • 

Thus 

3xF (x,suP  Y)  s 

T, 

b)  We  provo 

3xF(x,suo  Y)  s 

| i m i nf  JxF ( x , Y  ) 

for  each  ascending  chain  Y  by  case  analysis, 

(  1  ' 

1  insup  3xF ( x , Y ) 

=  T, 

so  that 

F (a, YM)  =  T 

for  some  a  and 

M. 

By  rronoton  1  c  1  ty, 

F ( a , Yn )  =  T 

H<n, 

so  that 

3xF (x, Yn)  s  T 

M<n , 

1 ,  e  •  * 

llm  3XF ( x »  Y )  = 

T, 

Also  by  monoton  I c 1 ty,  F(a,YM)  s  T  I mp i I e  s 

F ( a , sgo  Y )  s  T » 


I  Imsup  3xF ( x , Y ) 
Suppose 


so  that 


3xF ( x , sup  Y )  *  T . 


( i I )  Suppose 
I ,  e  •  * 


i  i  nsup  3*F ( x, Y)  s  F  , 
lin  3xF(x,Y)  =  F, 


Then  there  exists  M  <  a )  for  each  a,  s.t. 


F(«,YM<a>>, 

ao  that,  by  monotonicity, 


f(a,Yn)  =  F 

(otherwise  F(b,Ym)  =  t,  MSm  for  some  b 
3xF ( x , Y )  =  T , )  Thus 

I  i  m  F  <  a ,  Y  )  =  F 


ao  that  by  weak  continuity, 

F (a, sup  Y) 

Ther af ope 

3xF ( x , sup  Y 


F 

=  F, 


for  any  a  and  n, 
and  m,  which  I mp I  I 

for  any  a, 

for  any  a, 


I  Im 


a!  3xF<x»y)  Is  not  necajsarlly  weakly  continuous  even 

*dnits  ,nducti°" 

Vz ( z<*+z<y ) , 

Then  F(x,y)  is  monotone  In  y,  and 

F(x,n)  s  F  for  every  n  anl  any  x, 

3xF(x,n)  =  F  for  every  n, 

3xF(x,~)  s  T, 

r<x,-)  e  T, 

b)  3xF(x,y)  *s  nct  necessarily  weakly  continuous  even  If  F(x,y)  |, 
monotone  and  admit  induction  strongly,  Let 


so  that 
But 

because 


Name  I y , 


G  <  x ,  y )  =  T 
F 


ySx<-j 
otherw I se. 


G(x,y)  =  *sF  (  Xe  y ) , 


F(x,y)  being  the  truth  function  described  In  remark  5, 14  l0  that 
G(x,y)  is  weakly  continuous  In  y  by  theorem  5,8,  But 


and 


3xG ( x, n>  a  T 
3xG ( x , - )  a  F, 


every  n, 
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6  Syntax  of  formulas  that  admit  Induction 

6,1  Tables  of  Inheritance  of  admissibility 


We  summarize  the  Inheritance  of  admissibility  of  Induction  In 
the  tables  so  that  they  can  be  checked  by  machines  easily, 

These  tables  shall  be  regarded  as  a  part  of  the  postulates  of 
FLT  for  technical  (logical)  reasons,  since  the  weak  admissibility 
of  Induction  is  an  Informal  concept  that  Is  not  effective,  we  oannot 
accept  a  formal  system  described  |n  terms  of  that  conoept,  although 
we  would  like  to  use  the  Induction  axiom,  or  rule,  for  every  formula 
that  admits  Induction  weakly,  Instead  we  regard  these  tables  as  an 
Inductive  definition,  and  hence  an  effective  definition,  of  formulas 
that  "admit  Induction  syntactically”,  Namely  we  cell  a  formula  AC  3 
to  admit  Induction  syntactically  Iff  ACx]  Is  concluded  to  admit 
Induction  weakly  w.r.t,  x  using  only  these  tables*  the  primitive 
cases  listed  In  n  serving  as  the  base  step  of  Inductive  definition, 

We  add  the  following  definition  for  Practical  Purposes, 


Definition,  a  formula  A  Is  sa|d  to  be  "constant  w.r.t,  x"  Iff  rA 

does  not  depend  0n  x,  a  term  t  Is  an  "|cf  term"  Iff  all  the 

constants  and  variables  occurring  In  t  are  of  oontlnuous  types,  A 
formula  of  the  fopm  t<u  where  t  and  u  are  Icf  terms  Is  called  an  ”|cf 
a  w  f  f  "  t 

Obviously  a  sufficient  condition  for  a  to  be  constant  w  r  t 
x  Is  that  x  does  not  occur  free  in  a,  Proofs  conoemlni  {he 

Inheritance  of  admissibility  related  to  this  oondltlon  ere  left  to 

the  reader, 


11,  The  following  conditions  are  hierarchical  In  the  sense  that  the 
lower  ape  the  stronger  conditions, 


( p r I m 1 1 1 ve  cases ) 


i  A 

adm Its  1 ndyct  on 

weakly,  | 

1 

i  A 

admits  Induction 

strong  ly, 1 

t£u  ( t  and  u  are  Icf  terms)  1 

i  A 

1  s  weak | y  conti nuous ,  1 

ts0,  t=TRUE,  t*FALSE  | 

1 

w  •  •  • 

1 

< t  1 s  an  icf  term)  I 

1  A 

•  •  •  « 

Is  constant. 

1 

x  does  not  occur  free  In  A,  | 

<l)  A  admits  relativized  Induction  and  Icf  Induction  w.r.t,  x  If 
A  aomlts  induction  weakly  w,p,t,  x, 
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<ll}  A  !s  —continuous  Iff  A  Is  weakly  continuous  and  monotone, 
(III)  A  admits  Induction  weakly  w.r.t,  x  |f  a  Is  monotone  w,r,t,  x, 

12,  Table  for  & ,  v  ,  and  •*, 

If  A  anc‘  B  satisfy  the  conditions  stated  In  the  first  column 
and  tne  first  row,  respectively,  then  ASB,  Avg,  and  A«*B  satisfy  the 
conditions  shown  in  the  corresponding  Places, 


1  A  \ 

U  ladn, 

weak, 

1  adm, 

str . 

Iweak.  cont, 

Iconst,  I 

1 

\op  | 

1 

1 

1  | 

1  adm, 

!  &  1  adm, 

weak, 

1  adm, 

weak, 

ladm,  weak, 

ladm,  weak,  | 

1  weak , 

1  v  | 

X 

1 

X 

1  X 

ladm,  weak,  1 

1 

1-  1 

X 

1 

X 

1  X 

ladm,  weak,  I 

1  adm, 

1  &  |  adm , 

weak , 

l  adm, 

str , 

ladm,  str. 

ladm,  str.  1 

1  str , 

1  v  | 

X 

1  adm, 

str . 

ladm,  str. 

ladm,  str,  1 

1 

1  *  1 

X 

i 

X 

1  X 

ladm,  str,  1 

tweak. 

1  & | adm. 

weak , 

1  adm, 

str . 

Iweak.  cont, 

Iweak,  cont,! 

1 cont , 

1  v  | 

X 

1  adm, 

str , 

Iweak.  cont, 

Iweak,  cont, ) 

1 

1  -  1 

X 

1  adm, 

str , 

Iweak,  cont, Iweak,  cont.l 

1  const, 

1  &  1 adm. 

weak , 

1  adm, 

str , 

1  weak ,  cont , 1  const ,  I 

1 

1  v | adm, 

weak , 

1  adm , 

str . 

1  weak,  cont,  |  const,  1 

1 

1  *  1  adm. 

weak , 

1  adm, 

str , 

Iweak,  cont, 1  const,  1 

13,  Table  for  ■*  V,  and  13 , 


All  the  conditions  are  w.r,t,  x, 

If  x  and  y  ara  Identical  then  VyA  and  3yA  are  constant  w.r.t,  x. 


1 

1 

1 

A  1 

1 

1 

•  A 

1  VyA 

1 

1 

1 

|  ----------- 

1 1 n  genera | 

3yA  | 

1 A J  monotone) 

1  adm, 

weak,  1 

X 

ladm,  woak, 

1  x 

ladn,  str,  1 

ladm . 

str ,  I 

X 

ladm,  str. 

1  X 

ladm,  str.  | 

1  weak , 

cont, Iweak.  cont, ladm,  str. 

1  x 

1  weak ,  oont, I 

1  const 

,  Icongt, 

1  const, 

1  const , 

(const,  1 
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6,2  Example  of  formula  that  admits  Induction 


VxF<x,y)  Is  w*ak|y  continuous  |f  F<x,y)  Is  ant | -monotone  and 
admits  Induotlon  stponflly  w.r,t,  y, 

For,  YxF { x , y )  |s  a  tautology  of  -3x-F<x,y>,  Suppose  F(x,y) 
Is  ant  I -monotone  and  admits  Induction  strongly  w,r,t,  y,  *F(X|y)  Is 
monotone,  so  that  -F<x(y)  admits  Induotlon  strongly  by  theorem  5,4a. 
Then  -,F(x,y)  Is  weakly  continuous  by  theorem  4,8,  so  that  3xF(x,y)  Is 
weakly  continuous  by  theorem  5,4b,  Thus  *3xF(x,y)  Is  weakly 
oontlnuous  by  theorsm  4,6,  (See  tables  of  6,1) 

we  can  check  th|e  result  by  a  d|peot  proof  as  follows, 

Proof,  Case  l)  Suppose 

llmsup  YxF(x,Y>  «  F,  | , e . ,  |!m  YxF<x,Y>  ■  F, 

Then  there  exists  M  s,t, 

YxF ( x , YM )  «  F, 

so  that  there  Is  some  a  s,t. 

F ( a, YM )  *  F, 

By  antl-monotonlcl ty, 

F{a,sup  Y)  s  F , 

eo  that 

YxF ( x , SUP  Y)  a  F, 

Case  II)  Suppose 

I  Imsup  YxF ( x , Y )  =  T, 

Then, 

I  Imsup  F (a, Y)  *  T  eaeh  a, 

so  that 

F(a,Yn)  *  T  for  every  n,  each  a, 

I  »e, , 

llm  F ( a , Y )  s  T, 

(Otherewlse  llmsup  F<a,Y)  ■  F  by  ant  I -monoton  1 0 1 ty , )  By  strong 
adm I es I b I | I ty, 

F (a, euo  Y)  ■  t  each  a, 

so  that 

YxF | x , SUP  Y)  a  T, 
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7 


Translation  of  LCF  Into  First-Order  LoqIc  of  Typad  Theories 


7,1  Ax  I omat I zat I  on 


In  order  to  axlomatlze  LCF*  first  we  need  to  extend  the 
syntax  of  terms  so  as  to  Include  X-e«press I ons  as  follows, 

B5.  If  t  Is  an  ao-term  and  x  is  a  Po-var  I  at) !  e  *  then  Xxt  Is  a 

(Po*ao)o-term,  Any  occurrence  of  x  In  xxt  Is  not  free, 


The  corresponding  Interpretat (on  Is  as  follows, 


05,  If  t  Is  Xxu[x]  and  x  Is  a  Mo-var i ab | e ,  uCa]  must  be  a  olosed 
ao-term  for  each  Po-name  a  so  that  „ < uCa] ) $6*0  *  for  some  ao,  We  |et 
*t  be  the  function  which  sends  each  waeDPo  onto  *(uCa3>,  Suoh  a 
function  is  known  to  be  cont I nuousClB,  7], 

Remark,  Tne  proof  of  continuity  of  the  functions  represented  by 
X-exoress I ons,  namely  the  terms  Involving  the  operator  X,  requires 
Induction  on  the  structure  of  terms,  The  case  that  sup  D«'s  do  not 
exist  In  general  has  been  treated  by  R,  Milner, 


we  Introduce  an  ordered  base  type  denoted  by  Bo,  three 
Bo-constants  3.  TRUr,  and  FALSE,  and,  a  < Bo*0o-*ao’»°o ) o-constant  ®  and 
an  ( a , a ) -p r ed  I  ca te  <  for  each  a, 

0  [  B  o  3  consists  of  three  elements,  TRUE*  and  FALSE*  being 
Incomparable,  Hereafter  we  use  tne  same  symbol  to  denote  a 
Bo-constant  and  the  trutn  value  represented  by  It, 

a(t,u,v5,  namely  ( ( =>(  t ) )  (  u ) )  ( v )  reads  "If  t  then  u  else  v" 
and  is  written  as  tau,v  usually,  We  let  aab,c  be  0,  b,  and  c,  if  a  Is 
0,  TRUE,  and  FALSE,  respectively,  for  each  atBo*  b*D<*o»  and  c€D«o, 
This  function  Is  cont|nuousCl03, 

x<y  represents  the  order  relation  discussed  In  the  previous 
sections,  mathematically,  Intuitively,  however,  x$y  means  that  y  Is 
"defines*  more  than  or  as  much  as  x,  x=0  read  "x  Is  undefined,"  If  x 
and  y  are  functions,  this  means  y  Is  an  extension  of  x  as  function, 


We  give  the  following  non-|ogloa|  axioms,  An  arbitrary 
term  with  voids  can  be  substituted  In  place  of  tC  3,  provided  that 
the  variable  designated  by  x  does  not  occur  free  In  that  term,  tcx] 
and  tcy;  denote  the  terms  obtained  from  It  by  substituting  arbitrary 
variables  designated  by  x  and  y,  respectively,  In  place  of  Its  voids, 
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Non | og I ca I  axioms 


ref  I  ex  I v I ty «  x<x , 

anti  symmetry,  x<y  &  y$x  x  =  y, 

x  =  y  •*  x<y, 

transitivity.  x<y  «  y<z  -  *SZ« 
extens 1 ona I  I ty ,  k  . 

vz<x(z)$ylz) )  "*  *-y« 
x<y  ■*  x(z)<y<z) . 

monoton i c i ty i  x<y  -  z(x)<z<y) 


z  must  &•  *n 
«o-var I ab I e , 


minimal  elements, 

0<x , 

0 ( x ) <0  » 

truth  values,  *,0  *  **™Ut  v  x=F»LSE 

-0  =  TRUE . 

-o=false  , 

-TR'JEsEALSE, 

cono i t I ona I s ,  03X(y  -  0, 

T R U •; a x »  y  s  x. 

FALSEax.y  =  y, 

X-corve r s I  on ,  ( \x 1 1 x ] ) ( y ) s t C y 3 • 


x  must  &• 
Bo-var I ab | a , 
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7,2  Adequacy 


adequate  I  y  expressed  I n’the  torasant  c2 *c u ?ua r ?n °thl “  ,n,L(:rk0,n 

rr>:-:  s.is-'T;*Es  .h?  h  :1 

."'-..v::  ***«  * . . SPSS 


Jl,  abstraction  rule  (LCD, 

tta]  <  uCa] 

. .  <a> 

n»  ua*  XxtCx]  S  XxuCx 3 

Oar | vat | on, 

tea]  s  uCaJ 


XxtCx](a)  <  Xxu[x](a) 
Vy((Xxttxj)(y>  <  (XxuCx])(y)) 
XxtCxJ  <  XxuCxI 


<a> 


X-convara I  on  (and  equality) 
V- I ntroduct I  on 
extenslonal I ty 


J2,  furctlon  rule  (LCF:/, 


Xxy(x)  s  y 


Der I  vat  Ion, 

(Xxy(x) ) (z)  =  y ( z ) 

" - -  <  z> 

VZ( (Xxy(x) ) (Z)  S  y(z) ) 

Xxy(x)  =  y 


X-conver s I  on 
v- I ntroduotlon 

extenslonal I ty 


J3,  cases  rule  (LCD, 

( t  =  0 )  ( t*  TRUE )  (tsFALSE) 

A  A  A 

A 
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Derivation, 


{ t  =  J) 

t*0  v  tsTKUt  v  t=TALSE  A 

A 


(t=TRUE>  (taFALSE) 

A  A 

- - — ........  v-el im| nation 

(twice) 


J4,  Inouctlon  rule  (|„CF),  It  suffices  to  show  that  any  conjunction 
of'  Icf  awffs  admits  Induction  syntactically  In  the  sense  of  section 
6,1#  for  LCF  is  a  formal  system  that  carries  out  relatlvlzad 
deduction  for  these  sentences,  Each  Icf  awff  admits  Induction 
strongly  w,r.t,  any  variable  (table  II#  6,1)  subject  to  the  type 
comformlty,  So  does  any  conjunction  of  them  (table  12#  6,1), 


7,3  txample  taken  from  proof  of  compiler  correctness 


The  following  example  Is  taken  from  an  FLT»llke  proof  of 
McCa r thy »pa I nte r ' s  theoremC5],  The  proof  of  this  theorem  In  LCF  Is 
discussed  In  [8]  and  [131, 

We  presuppose  there  are  three  types  called  lanouagal# 

I anguaoe2 ,  and  the  meaning  space.  These  need  not  be  base  types.  In 
particular  the  meaning  space  can  be  the  type  { states )■•( states) , 
Namely  the  meaning  spaco  Is  the  set  of  Partial  functions  of  (states) 
Into  itself,  A  conceptual  compiler  carries  out  a  translation  of 
| anguagel  Into  languages,  an  expression  x  In  languagei  being  mapped 
onto  obj(x),  We  need  not  assume  continuity  of  the  meaning  spaoe  and 
function  obj  for  the  present  argument,  which  Is#  however#  not  an 
Important  point,  we  use  the  following  constants#  each  of  them  being 
either  an  Individual  constant  or  a  function  In  the  usual  sense,  The 
asterisked  constants  are  assumed  to  have  been  given  appropriate 
axioms. 


constant 


type 


comment 


Isconst  * 

I sva  r  * 

I  sexo 

ar  dl  * 

arfl2  * 

obj  * 

meanl  * 

mear2  * 


( 1 anguag«l-*do )o 
( I  anguagel-*d o )  o 
(  I  anguagel-*do  )  o 
(  lanPuagel-HanQuageDo 
(  I  anguagel-*!  anguagel  )o 
l  anguagel**  languages 
l  anguagel-*mean  I  ng  space 
I  anguage2-*mean  I  ng  space 


lsconst(9)*TRUE, 

I svar ( a) =trUE  i 
I sexp( (8+a)+(9+b) )*TRUE. 

arSl(<8+a)+(9+b))»8+a, 

ar92(8+a)sa, 


Me  use  a  ( I anguagel , I anguago2 ) -p r ed I ca te  Correct(x#y)  to  mean  y  Is  a 
correct  object  program  for  expression  x,  Correct(x#y)  Is  not 
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continuous  In  general,  because  It  Is  usually  defined  by  »n  axiom  line 

VxVy(Correct(x»y)  =  meanl<x)smean2<y> > ,  (•> 

The  function  isexo  is  defined  by  the  following  axiom, 

<Ax*2)  I sfi xosM | n  Xf  Xx( | sconst(x)3TRUE»  ( I s va r < x ) aTRUE , 

<f (argl(x> )»(f <arg2(x> ) =TRuE » FAUSE ) , FALSE ) )) . 

The  theorem  we  want  to  prove  Is 


{ 1 1  Vx(  I  sexp(x)  =  TRUE  ■»  Co  r  r  act  < x,  ob  J  (  x ) )  > , 

Co r r ac t { x , op J ( x ) )  1$,  however,  not  sufficient  as  an  Induotlon 

hypothesis  In  general,  so  that  we  prove  first  a  formula  of  the  form 

(2)  V  x  (  |  sexp  <  x )  =TRUE  •»  A), 


usually,  where  a  Is  the  conjunction  of  a  certain  generalization  of 
Cor ract (x , obj ( x > )  and  additional  conditions  peculiar  to  eaoh 
compiling  algorithm,  Mora  concretely,  we  shall  consider  a  compiler 
which  works  with  a  counter,  n,  Indicating  that  the  addresses  whose 
mnemonic  names  are  TS(1)«  ,,,  ,  TS(n)  are  occupied  ai  temporary 
storages,  we  define  the  following  constants,  the  last  three  related 
to  the  loading  or  allocation,  The  set  of  Integers,  or  addressee,  Is 
a  base  type,  varsn0(x)  Is  the  number  of  distinct  variables  occurring 
In  x,  varno(z.x)  denotes  some  numbering  of  such  variables, 

constant  type  comment 


comp  I  * 
TS 

varno  • 
varsno  • 
I  oc 


(  language!.,  I  nteger s ) *•  I anguage2 
I  ntegers-*  I  nteger  s 

( languagel, languagel)-integers  varno (a, { 8+a > + ( 9+b > )■!, 

janguagel**  I  ntegers  varsno((8*a)+(9+b))«2, 

(  languagel,  I  anguagel  )-•  I  nteger  s 


In  this  case,  obj(x)  |s  deflnd  by  the  following  axiom, 


(Ax, 3)  Vx  (  obj  (  x )  =comp  I  (  x ,  id  ) ) , 

A  typ leal  form  of  A  Is 


(3)  Vn(n>0  Cor  rect ( x,  comp  |  ( x,  n ) )  S  Unaf  f  ected (  x ,  n,  comp  I  ( x ,  n)  >  > , 

where  Unaffected  Is  a  < I anguaQel , I ntege r s , I anguage2 ) -P r ed I  cate  s,t, 
Unaf fected(x,n,y)  means  the  objeot  program  y  does  not  destroy  the 
contents  of  the  storages  corresponding  to  the  program  variables 
occurrlrg  In  the  source  program  x  or  any  of  TS(1),  ,,,  ,  TS(n), 


•)  The  reader  may  recall  that  =  means  logical  equivalence,  while  ■ 
equality  In  the  strong  sense,  that  Is,  =  In  LCF, 
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If  we  make  the  addresses  absolute  by  the  below  axiom#  which 
corresponds  to  a  particular  loading  obviously,  the  object  program 
becomes  as  fig#  1  nelow.  Cccur(z#x)  reads  z  occurs  In  x, 

(Ax,  4)  VzVx(  !svar<z)  =  TRUE-*Occur(z#x)*ioe<z,x>evarnoU»x>>, 

VxVn( |oc<TS<n)>avarsno(x>+n). 


comp  1 ( (8+a)+(9+b) #n)  memory  map 


(Instruction)  (mnemonics) 


13 

1  accumu | ator 

LI 

b 

1 . 

11 

Ann 

1 

a 

la 

STo 

n+3 

TStn+1) 

12 

lb 

LI 

9 

1 . 

AUO 

2 

b 

13 

ITS(I) 

sro 

n  +  4 

TS<  n+2 ) 

u 

n+3 

TS ( n+1 ) 

1  n+2 

ITS(n) 

ADD 

n+4 

TS( n+2 ) 

1 . 

1  n+3 

1  n+4 

1 TS ( n+1 ) 

I TS ( n+2 ) 

Let  nsB 

to  get 

0bjn8+a)  +  (9+t3)  ) . 

1 . 

fig.  1  Example  of  objcet  program 
and  memory  map 


Let  ACxJ  denote  (3)  hereafter.  We  note  that  neither  Isexp 
nor  n  occurs  free  In  ACxJ,  Then#  the  formula  (2)  admits  I cf 
Induction  w.r.t,  ''isexp"  as  follows, 


I sexp ( x ) =TRUE 
A  (  x ) 

isexp  (  x  )  =TRUE  ■»  ACxJ 
Vx  (  I  sexp  (  x  )  =  TRyE  •*  ACxJ) 


weak,  oont,  w.r.t,  Isexp) 
const,  w,r,t.  Isexp; 
weak,  cont,  w.r,t,  isexp) 
adm,  str.  w.r.t,  Isexp, 

(See  tables  In  section  6.1.) 
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Thus  we  can  Infer  <2)  from  (4)  and  (5)  be|ow, 


(4)  Vx ( 0 ( x ) =TRU£  -  A  C  x  3 ) , 


(5)  Vx<f<x)  =  TPUF  ..  ACx] )  -* 

vx(( lsconst(x)3TRUE#(|svftr (xJsTRUE, 

(f (arfll(x>)9(f (ari2(x) )sTRUEi 

FALSE),  FALSE) > )=TRUE  •*  ACx3), 


we  can  Improve  the  readability  by  the  following 
consideration,  Let  p  be  an  (a-Bo)-term,  Then  we  let  o  and  ~o  etand 
for  the  formulas  p=TRUE  and  psFALSE,  respectively,  This  causes  no 
oomfuslcn  because  of  the  syntax  we  employed,  Obviously 

p  V  “p 

Is  not  valid,  while  pv»p  Is,  We  notice  the  relationship 

<p3q,r>  =  p5q  v  “pSr,  (•> 

which  is  provable  in  FLT,  since  this  formula  Is  an  abbreviation  of 
<p=>q,  r  )  =  TRUE  =  p  =  TRUE  4  o  =  TRUE  v  psFALSE  4  rBTRUE , 

Thus  we  can  rewrite  (4)  and  <3)  as  follows, 

( 4  '  )  V  x  ( 0  (  x  i  -  A  [  x  ]  )  , 

( 5  *  )  V  x  (  f  (  x  )  -  A  [  x  3  )  -•» 

Vx(lsconst(x)visvar(x)v“(sconst<x)8,‘lsvar(x) 

&  f(argl(x)>«  f<arg2<x))  *  ACx3), 

It  must  be  noted  that  there  are  some  substitutes  |n  LCF  for 
formulas  like  ll)-(4>,  though  these  formulas  are  not  allowed  as 
legitimate  formulas  In  it  and  the  Interpretation  becomes  different, 
By  the  deduction  th3orem  In  first-order  logic  we  can  also  express  the 
sentence  (5')  by  a  formula  of  FLT»  replacing  -<•  by  ■»  and  binding  f  by 
universal  quantifier,  obtaining 

(5")  V  f  ( V  x  ( f  (  x )  -  ACx  3) 

Vx( i scontst(x)  v  |svar(x)  v  “Isconsttx)  i 
-|svar<x>  &  f<argl(x)>  &  f(arg2(x))  -  A  C  x  3 ) )  • 

For  such  a  formula  there  seem  to  be  no  natural  substitutes  In  the 

form  of  LCF  formulas, 


•)  it  Is  a  |ltt|e  interesting,  and  also  useful,  that  this  old 
relationship  still  holds  In  a  calculus  that  Includes  the  undefined 
truth  value,  See,  e.g,,  C23, 
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D I scuss I ons 


The  writer  has  been  motivated  toward  the  study  described  In 
this  paper  through  an  attempt  to  translate  his  formal  system 
representing  the  eaulvalence  of  A  I g o I  —  I  Ike  statementC2»  33  Into  LCF , 
For  that  purpose  having  some  predicate  ca I cu I  us- I  I ke  facility  seems 
to  be  essential,  foP  we  need  to  express  Implication  between  strong 
equivalence  In  the  form  of  formula, 

From  the  writer's  point  of  v|ew,  the  following  are  among  the 
possible  advantages  of  having  some  predicate  ca I cu I  us- 1 1 ke  things 
within  logic  for  computable  functions, 

1,  (human  engineering)  In  not  a  few  cases,  the  conventional  logloal 
operators  make  the  wrltlng  and  understanding  of  descriptions  easier, 
Besides,  many  people  are  familiar  with  expressions  and  derivation  In 
predicate  calculus*  especially,  of  flrst*order, 

2,  (underlying  theories!  In  the  practical  field  of  application  of 
such  a  logic,  for  Instance  proving  correctness  of  compilers,  we  have 
to  handle  underlying  theories  whose  representations  In.  predicate 
calculus  seem  to  be  natural,  (Ike  elementary  set  theory,  We  do  not 
care  If  some  of  the  sets  Involved  In  our  proof  are  not  computable  or 
continuous,  even  If  they  might  be  In  fact  computable,  There  ur*  ajso 
theories  of  equivalence  and  correctness  of  programs  whloh  are  related 
to  predicate  calculus, 

3,  (meta-theorems)  ThePe  will  be  many  facts  about  the  objects  of  LCF 
that  can  be  stated  on|y  In  the  form  of  meta-theor ems  of  LcF»  while 
significant  portion  of  them  could  be  stated  as  theorems  In  an 
extended  logic,  Then  handling  derived  rules  and  applying  already 
proved  theorems  w|||  become  more  oonvanlent, 

Obviously  these  desirable  properties  will  not  be  obtained 
before  considerable  experiments.  Moreover  there  must  be  some 
compromise,  For  Instance,  jf  we  use  entire  classical  oredloate 
calculus  as  In  the  present  paper,  we  are  out  of  the  LCF— | Ike  world 
that  consists  o f  so|e|y  continuous  functions,  losing  some  neatness  of 
the  formalism  and  relative  simplicity  of  Implementation,  Employing 
second  or  higher  opder  Predicate  oaloulus  might  give  us  more 
oomplexity  as  well  as  power. 

It  must  be  noted  that  J.  McCarthyC43  suggested  that  In  some 
generalization  of  Scott's  logic  using  Predicate  calculus  we  should  be 
Rb<e  to  prove  the  continuity  of  functions,  It  seems  th*t  FIT  Is 
capab!e  of  d°lng  that  In  solte  of  the  limitation  that  no  Predloa^e 
variables  are  allowed,  for  we  have  quantifiers  ranging  over  typed 
sets  In  effect,  A  fixed-point  Induction  based  mainly  on  monotonlolty 
within  second-order  Predicate  calculus  has  been  dlsoussed  by  0, 
ParkC93. 
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